Introduction
Let X and Y be complete Riemannian manifolds satisfying the assumptions given in §3. In particular, it suffices to assume that X is a complete Riemannian manifold with bounded sectional curvature, and Y is a complete Riemannian manifold with sectional curvature bounded between two negative constants and bounded covariant derivative of Riemann curvature.
We shall study some situations where a smooth map f : X → Y can be deformed continuously into a harmonic map, using a naturally defined flow. The flow used here is not the usual harmonic heat flow, as introduced by Eells-Sampson. We use, instead, a flow introduced by J.P. Anderson [1] .
Statement of theorems
In the following statements the manifolds X and Y always satisfy the assumptions given in §3. Also, see §4 for other definitions.
Theorem 2.1. Given a strictly nondegenerate harmonic map u : X → Y , there is no other homotopic harmonic map that is bounded distance away from u. Theorem 2.2. Given τ, ρ, C > 0, there exists ǫ > 0, depending only on X, Y , τ , ρ, C > 0, such that given any smooth map u 0 : X → Y satisfying
there exists a homotopic harmonic map u : X → Y that is a bounded distance away from u 0 .
The following generalizes the results obtained by J. P. Anderson [1] : Corollary 2.3. Given p > n, A > 0, τ > 1, and a n-dimensional manifold X with a complete Riemannian metric g satisfying the assumptions given in §3 for both the Date: August 11, 1996 . I was partially supported by National Science Foundation grant DMS-9200576. Some of the work in this paper was done at l'Institut des Hautes Etudes Scientifiques and at the mathematics department of Columbia University. I would like thank the staff and faculty of both institutions for their support and hospitality. I would also like to thank Stephen Semmes and Curt McMullen for their help. domain and the range, there exists ǫ > 0 such that given any symmetric 2-tensor h satisfying
there exists a harmonic quasiisometry u : (X, h) → (X, g) homotopic to and a finite distance from the identity map.
Theorem 2.2 can be applied to the case when X and Y are hyperbolic spaces. In particular, applying the center of mass construction of Douady-Earle [6] , Corollary C.3, we get Corollary 2.4. Let n ≥ 2. Given a harmonic quasiisometry u 0 : H n → H n with boundary mapû 0 , there exists δ > 0 such that given any (1 + δ)-quasisymmetric map ψ : S n−1 → S n−1 , the boundary map ψ •û 0 : S n−1 → S n−1 extends to a harmonic quasiisometry u : H n → H n . Corollary 2.5. Let n ≥ 2. There exists δ > 0, such that any (1+δ)-quasisymmetric mapû : S n−1 → S n−1 extends to a harmonic quasiisometry u : H n → H n .
We also prove some results assuming an L p bound on ∆u 0 . Theorem 2.6. Assume λ 0 (X) > 0. Given a harmonic map u 0 : X → Y , there is no other harmonic map within finite L p distance of u 0 , for any 1 < p < ∞. Theorem 2.7. Assume λ 0 (X) > 0. Given p > n/2 and a smooth map u 0 : X → Y satisfying
Remark. If X is compact, then Theorems 2.6 and 2.7 is essentially the classical result of Eells and Sampson. On the other hand, if X is noncompact, then the L p bound on ∆u 0 is quite strong, since it implies that |∆u 0 | decays to 0 at infinity. Corollary 2.8. Given any smooth map u 0 : H n → H m with L p bounded Laplacian, for some p > n/2, there exists a homotopic harmonic map u :
Given a suitable map between two spheres, the Douady-Earle extension extends the map to a map between the two corresponding balls, which should be viewed as hyperbolic spaces. This extension is a nonlinear version of the Poisson kernel for the hyperbolic Laplacian. Following this analogy, the space of all boundary maps that extend to maps between hyperbolic spaces with L p bounded Laplacian is a nonlinear analogue of a Besov space. In particular, it can be shown that any Holder continuous map of the boundaries extends, via the Douady-Earle extension, to a map of hyperbolic spaces with L p bounded Laplacian. This observation and Corollary 2.8 imply the existence results-but not the uniqueness results-of Li-Tam [9, 10, 11] for the Dirichlet problem at infinity for harmonic maps between hyperbolic spaces. A detailed discussion of this will appear elsewhere.
The assumptions imposed here are quite different from those of Li-Tam. Their regularity conditions are stated in terms of the smooth structure of the natural compactification of hyperbolic space. A Hadamard manifold is a simply connected, complete Riemannian manifold with sectional curvature bounded between two negative constants. Since its natural topological compactification is not necessarily smooth, it is difficult to generalize the approach of Li and Tam to general Hadamard manifolds.
We have, instead, tried to use only the intrinsic geometric structure of the Riemannian manifolds X and Y and therefore do not require assumptions on the regularity of either the boundaries at infinity themselves or the map between the boundaries at infinity.
It appears that the condition of bounded energy density is a natural one to impose. For this reason, we ask:
Question. Given Hadamard manifolds X and Y and a map from X to Y with bounded energy density, does there exist a unique harmonic map with bounded energy density that agrees with the given map on the boundary at infinity?
Remark. The norms and estimates used in this paper were strongly motivated by work of Coifman-Semmes [5] . Although they solve a nonlinear Dirichlet problem on a bounded domain with boundary, the norms they use make it clear that the natural setting for their argument is on the hyperbolic ball. On the hyperbolic ball, one no longer needs to shrink balls as one approaches the boundary, and uniform estimates are even easier to obtain than in the case of the bounded domain.
Definitions and assumptions for the domain and range
Throughout this paper, the domain X and range Y are smooth complete Riemannian manifolds. We shall always denote the dimension of X by n and the dimension of Y by m.
The distance between two points x and y on a Riemannian manifold will always be denoted d(x, y).
Given p ∈ R n and r > 0, let B(p, r) ⊂ R n denote the ball of radius r centered at p.
3.1.
Basic assumptions for the domain. There exists α ≥ 1 and A > 0 such that for any x ∈ X, there exists an immersion φ x : B(0, 2) → X such that φ x (0) = x and such that the pulled back metric tensor φ * x g = g ij dx i dx j and the corresponding Christoffel symbols Γ i jk satisfy the following for any z ∈ B(0, 2):
and for some p > n,
A complete Riemannian manifold with bounded sectional curvature can be rescaled to satisfy the assumptions above.
Sometimes we will want to assume a positive lower bound for the bottom of the L 2 spectrum of the scalar Laplacian on X, which is defined to be Definition.
Basic assumptions for the range. There exists κ > 1 such that the range Y is a complete Riemannian manifold with sectional curvature K satisfying
Moreover, there exists K ′ > 0 such that the covariant derivative of curvature ∇R satisfies |∇R| ≤ K ′
Definitions related to a map between Riemannian manifolds
We shall be considering smooth maps u : X → Y . The differential of u defines a bundle map ∂u : T * X → T * Y . The energy density of the map u is defined to be e[u] = |∂u| 2 Given a bundle F over Y with a connection ∇, we can pull back both the bundle F and the connection ∇ using the map u, yielding a bundle u * F over X with connection u * ∇, which we shall usually just denote by ∇, for simplicity.
For example, if u maps all of X to a single point y ∈ Y , then u * F is the trivial bundle X × F y and u * ∇ is the trivial connection.
The Hessian of u is defined to be a bundle map ∇∂u : S 2 T * X → T * Y , where given vector fields v and w on X,
The Laplacian is then defined to be
We shall call τ [u] the nondegeneracy coefficient of u.
A flow for maps between Riemannian manifolds
We shall demonstrate the existence of a harmonic map by constructing a flow of maps that converges to a harmonic map. It is probably possible to use the harmonic map heat flow, but we use a different flow that appears particularly well-suited to maps that have infinite total energy but bounded energy density.
The flow we use is the following: Given a 1-parameter family of maps u(t) :
where R is the Riemann curvature of Y and ∆ denotes the Laplacian(s) defined using the naturally induced connections on the corresponding bundles.
Under the assumptions we impose, the linear differential operator ∆−R(∂ i u, ·)∂ i u is always invertible and has a bounded inverse. This leads to the existence and uniqueness of the flow for small time.
On other hand, using the generalized maximum principle for complete Riemannian manifolds and standard Calderon-Zygmund bounds for elliptic PDE's, it is easy to obtain a priori bounds for the flow that imply long time existence and convergence to a harmonic map as t → ∞.
Remark. The flow defined above was first studied in the doctoral dissertation of J. P. Anderson [1] , who used it to deform a quasiisometry between closed Riemannian manifolds into a harmonic diffeomorphism.
Uniqueness of homotopic harmonic maps
Given C 2 homotopic maps u 0 , u 1 : X → Y , we begin by rederiving a well-known formula for ∆d(u 0 (x), u 1 (x)) 2 (also, see [13, 14] ).
Given smooth homotopic maps u 0 , u 1 :
. Given x 0 ∈ X and a unit tangent vector e ∈ T x0 X, let x(t) ∈ X, −δ < t < δ, be the unit speed geodesic such that x(0) = x 0 and x ′ (0) = e. Let Γ(s, t) = u s (x(t)) = exp u0(x(t)) sv(u 0 (x(t))) and denote
is a constant speed geodesic, and therefore J is a Jacobi field along the geodesic Γ(·, t), satisfying
and the Jacobi equation
Since J is a Jacobi field,
On other hand,
Summing over e ranging over an orthonormal frame of tangent vectors, we get
Proof. Given homotopic maps u 0 and u 1 , there exists a
The function δ(x) = d(u 0 (x), u 1 (x)) 2 is C 2 . By the generalized maximum principle, Lemma A.1, there exists a sequence x i ∈ X such that
On the other hand, by (6.1), Lemma B.1, and the strict nondegeneracy of u 0 ,
We conclude that δ vanishes identically. Theorem 6.3. (Theorem 2.6) Assume that λ 0 (X) > 0. Then any two homotopic harmonic maps u 0 , u 1 : X → Y that are within finite L p distance of each other, for some 1 < p < ∞, are identical.
Then δ is bounded in L p/2 by assumption and ∆δ ≥ 0, by Lemma 6.1. It follows that ∇(δ p/4 ) is in L 2 and that
Remark. Theorem 6.3 and its proof hold, if Y has nonpositive sectional curvature.
Consequences of the assumptions on the domain
The key trick, as always, is to set up the right set of norms for which to obtain estimates.
Note that for any x ∈ X, B(x, 2) ⊂ φ x (B(0, 2)). Given 0 < r < 2 and a geodesic ball B(x, r) ⊂ X denote
2) The Riemannian metric and associated connection on X can be pulled back via φ x to B(x, r). For simplicity we denote the pulled back metric by g and the associated connection by ∇.
Let E be a rank k vector bundle over X with an inner product and compatible connection ∇. Let Γ(X, E) denote the space of smooth sections of E over X. We shall assume the following: There existsÃ ′ ,Ã ′′ : B(0, 2) → R + such that given any x ∈ X, there exists an orthonormal frame of sections e 1 , . . . , e k of φ * x E over B(x, 2) such that |∇e µ | ≤Ã ′ |∇ 2 e µ | ≤Ã ′′ Given a section v of E, 1 ≤ p < ∞, we shall use the following "local" L p norms:
As mentioned before, the idea of using norms like this is motivated by a similar approach used by Coifman-Semmes [5] to solve a Dirichlet problem for a nonlinear elliptic PDE on a bounded domain. Two elementary but key technical lemmas are:
Lemma 7.1. There exists N (n, α) > 0 such that given any x ∈ X, there exist
Corollary 7.2. Given any locally integrable function f : X → R and x ∈ X,
In particular, for any locally L p function f and x ∈ X,
There exists C(n, α, A) > 0 such that for any x ∈ X, there exists a smooth compactly supported function χ on B(x, 2) satisfying
and for any x ∈ X,
Using the basic assumptions on the domain X stated in §3, Corollary 7.2, Lemma 7.3, and the classical forms of the interpolation, and Sobolev inequalities, it is straightforward to obtain the following estimates. The key feature of these inequalities is that they do not depend on the connection on E at all.
Lemma 7.5. (Sobolev inequality, [2] ) Given n < p ≤ ∞, there exists C > 0, depending only on n, p, α, and A such that for any section v of E, 
We shall also need an estimate that is obtained by applying Moser iteration to an inhomogeneous elliptic equation (see, for example, appendix C in [16] ). 
On the other hand, the Calderon-Zygmund inequality does require bounds on the connection on E. Lemma 7.8. (Calderon-Zygmund inequality, [7, 15] ) Given 1 < p < ∞, there exists a constant C > 0, depending only n, p, α, and A such that
Bounds on sections of the pullback of a bundle
Let F be a rank k vector bundle over Y with an inner product and compatible connection ∇. Given a map u : X → Y , we can pull back F and its connection to X. We want to reconsider the Calderon-Zygmund inequality, Lemma 7.8, applied to the bundle E = u * F and the connection u * ∇, but account for how the estimates depend on the map u.
Before doing this, we need some bounds on the connection on the bundle F over Y .
Lemma 8.1. Let the curvature of the connection on F be bounded by K. and the covariant derivative of its curvature be bounded by K ′ . Then there exists A ′ , A ′′ > 0, depending only on k, m, K, and K ′ such that the following hold:
Let Y be the universal cover of Y . Given p ∈ Y , let f 1 , . . . , f k be an orthonormal frame of sections that are parallel along each geodesic passing through p. Then for any 1 ≤ β ≤ k and y ∈ Y ,
Remark. We will use F = T * Y . In that case the basic assumptions on Y stated in §3 imply those of Lemma 8.1. Then for any x ∈ X there exists an orthonormal frame of section e 1 , . . . , e k of (φ x • u) * F over B(x, 2), such that for any 1 ≤ β ≤ k and z ∈ B(x, 2),
where the connection is the induced connection on (φ x • u) * F and the norm is taken with respect to the inner product on F and the Riemannian metrics on X and Y .
With this in mind, Lemma 7.8 generalizes to the following: 
If Y has bounded connection, then v satisfies
A priori estimates for the harmonic map flow
Let n < p < ∞ be as given in §3.1. 
Moreover, v satisfies the following estimates: To obtain existence, consider the equation on a sequence of domains with smooth boundary in X that exhausts X. On each domain the positivity of the potential implies the existence and uniqueness of a solution with Dirichlet boundary conditions, i.e. boundary value equal to zero. The estimates imply that on any compact domain this sequence of solutions has a subsequence that converges uniformly to a solution. Using a diagonal argument, we obtain a subsequence that converges on any compact subset of X to a global solution of the equation.
Integrating the estimates in Lemma 9.1 yields Lemma 9.2. Given n, m, p, α, A, κ, and K ′ , let C > 0 be as given by Lemma 9.1. Let τ , ρ > 0, and u(t) : X → Y , 0 ≤ t < T be a 1-parameter family of maps satisfying
where v(t) = ∂ t u(t). Then the following estimates hold for any 0 ≤ t < T :
2p ]e C(1+τ −2 +ρ 2 ) ∆u(0) ∞ With λ 0 (X) > 0 and an L p bound on ∆u, where p > n, we do not need a lower bound on the nondegeneracy. Lemma 9.3. Given ρ > 0 and p > n/2, there exists C > 0 depending only on n, m, p, λ 0 (X), α, A, κ, and K ′ such that the following holds: Given a map u : X → Y such that
Moreover, v satisfies the following estimates:
Therefore,
This proves the first inequality. The second inequality follows directly from Lemma 7.7. The rest of the inequalities follow as before.
Integrating the estimates above yields Lemma 9.5. Given n, m, p, α, A, κ, and K ′ , let C > 0 be as given by Lemma 9.1. Let τ , ρ > 0, and u(t) : X → Y , 0 ≤ t < T be a 1-parameter family of maps satisfying
Existence theorems for the harmonic map flow
We begin with existence of the flow for small time: 
then the flow extends beyond t = T .
Proof. The existence and uniqueness of a solution for sufficiently small T > 0 follows from a straightforward application of the usual existence and uniqueness theorem for an ODE on a Banach manifold. We sketch the argument.
Given C > 0, the space of maps u : X → Y satisfying
is an open Banach manifold B. We leave to the reader the exercise of constructing coordinate charts for B and verifying that given u ∈ B, the tangent space 
Therefore, the flow can be extended beyond T . Since this will be true no matter how large T is, the flow must exist for all 0 ≤ t < ∞. The bounds given in Lemma 9.1 imply that as t → ∞, the map u(t) converges to a limiting map u ∞ . Moreover, the limiting map must be harmonic and bounded distance from u 0 .
In the same way, Lemma 9.5 leads to the following 
Moreover, there exists a smooth limit
that is a harmonic map and is within finite L p distance of the map u 0 .
What is not obvious is that given two Hadamard manifolds X and Y , whether there exists any nontrivial map u 0 that has ∆u 0 bounded in L p for some p. This is, in fact, unlikely to occur in the general situation. Understanding when this is possible would extend the results of Li-Tam to Hadamard manifolds.
where χ is given by Lemma 7.3. Note thatf must achieve a maximum at some z ′ ∈ B 0 . Therefore,
Appendix B. Lower bounds for the index of a geodesic
Let Y be a complete Riemannian manifold with strictly negative curvature. Let γ : [0, 1] → Y be a constant speed geodesic. Let T be a nonzero tangent vector at γ(0). We want to minimize the quantity
over all Jacobi fields J along γ such that J(0) = T . Since the functional E is a positive definite quadratic function on a finite dimensional affine space, there is a unique minimum.
If J is the minimizing Jacobi field, then given any Jacobi fieldJ along γ such thatJ (0) = 0,
Therefore, J ′ (1) = 0 and inf J Jacobi
where the sectional curvature of Y is bounded from above by −κ −2 .
We can, however, compute the last infimum explicitly, since it is achieved by the vector field
Differentiating this, we get
We conclude that Lemma B.1. Given a Riemannian manifold Y with sectional curvature bounded from above by −κ −2 < 0, a constant speed geodesic γ : [0, 1] → Y , and a nonzero tangent vector T at γ(0), then given any Jacobi field J such that J(0) = T ,
Appendix C. The Douady-Earle extension
In this section let B denote the unit ball in R n . Let g = 4|dx| 2 (1 − |x| 2 ) 2 be the standard hyperbolic metric on B. Throughout this section, norms denoted | · | and · are with respect to the Euclidean metric, and norms denoted | · | g and · g are with respect to the hyperbolic metric. Douady and Earle [6] proved the following: By composing with Möbius transformations (which are isometries of the metric g), we may assume that for all k, x k = u k (x k ) = 0. Restricting to a subsequence if necessary, we may also assume that the sequenceû k converges uniformly to a Möbius transformation. Therefore, by the lemma, u * k g(0) must converge to g and ∇∂u k (0) to 0. This contradicts (C.4) and (C.5).
In dimension 2 Douady-Earle prove more. They show that if the boundary map is quasisymmetric, then the extension is always quasiconformal. In particular, Theorem C.6. Given K > 1, there exists K * ≥ K such that ifû :
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